Some Remarks on the Problem of Drainage of

Fluids on Vertical Surfaces

Prediction of the thickness of the
liquid film during draining of the lig-
uid on a vertical surface has consider-
able importance in various practical
cases such as in lubrication, in drain-
age and in estimation of the amount of
liquid adhering to walls of pipetes,
burettes, and capillary viscometers
after emptying.

The thickness of the liquid film
draining from a vertical surface de-
pends upon the interrelationship among
surface tension, the gravitational force,
and the viscous force. The effect of
surface tension depends upon the cur-
vature of the outer surface of the lig-
uid layer which can be expressed as
the change of the coating thickness h
with height. For the case of a flat
plate which is partially immersed in
the liquid, the change of thickness
with distance from the top will be
relatively small at places well above
the main surface of the liquid bath.

However, near the bath surface the
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Fig. 1. Sketch of draining liquid.
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thickness increases from some finite
and small value toward infinity. In the
latter case, surface tension effects are
appreciable and have to be taken into
account in the analysis of the problem.

In the case where the lower edge of
the plate is not immersed, the change
in curvature is not too large and surface
tension can generally be neglected as
compared to gravitational and viscous
forces. In this communication the
drainage of a fluid initially at rest from
unimmersed bodies is considered and
surface tension effects are neglected.
The hydrodynamics near the lower
edge of the body is not investigated.

In addition, it is assumed that the
liquid film itself is stable and laminar
without waves or ripples on the sur-
ace. The latter assumption holds well
for the type of drainage described in
this paper (4).

EFFECT OF ACCELERATION ON
FLAT PLATE DRAINAGE

The first to investigate the drainage
problem was Jeffreys (3). He con-
sidered the case of parallel flow and
neglected inertia forces as compared
with the viscous and gravitational ones.
Thus, he wrote for the system de-
scribed in Figure 1

?u

0=y o

+8 (1)

with boundary conditions of zero vel-
ocity at the wall and zero shear rate at
the liquid-air interface. A velocity pro-
file, v = f(y) was calculated for a
fixed x. This profile was combined with
the following continuity equation:

()

The result was an explicit expression
for the thickness profile as a function
of position, x, and time, t:

vX
=V (3)

The instantaneous flow rate, per unit
width of plate, past any point was:
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q= f o udy = 3 (4)
14

Equations (3) and (4) are based on
the flow equation for the steady state
[Equation (1)], and therefore they
describe the hydrodynamics of the sys-
tem only at the later stages of the
drainage process.

A modification of this approach was
presented by Green (2) and later ex-
tended by Wyllie (6). They started
with the flow equation which included
the acceleration term:

u
v ayz

ou
—=v——tg (5

The boundary conditions used were:

u(y,0) =0

2y =0 (6)
dy

u(0,t) =0

Equation (5) was integrated from y =
0 to y = h at constant x to yield the
velocity profile in the film

yz oh2
© 2 .
2 e~ ™ yt sin my ]
=1 (n—1/2)°

where

m= (n—1/2) -’;’7 (7)

Wyllie also reported a thickness profile
which he developed for the upper part
of the liquid film. However, his re-
ported profile was expressed in terms
of two constants that had to be evalu-
ated experimentally. In addition, his
profile, for large values of time, did
not converge to Jeffreys solution—
Equation (3). A different solution that
does not suffer from these shortcom-
ings is herewith presented.

Integration of Equation (7) over the
film thickness gives the total flow rate:

(Continued on page 777)
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When this is substituted into the equa-
tion of continuity, Equation (2), the

following differential equation is ob-
tained:

SN o)

ot v mt

@

e~m? yt ] 4gt
n=1 (n —1/2)2 T a2

*° 2

N e t dh
net (n—1/2)% | ox (©)
This differential equation can be sim-
plified by making use of the following

mathematical relationship:

(). ()03,
(10)

When Equations (9) and (10) are
combined, integrated, and the bound-
ary condition h(0,%) = 0 is used, the
implicit relationship for the film thick-
ness profile is obtained, as shown in
Equation (11):

W2 2ght
P

X = ——

v 7761/2 n=1
1 \2 #2
exp [_<n~?)h2 vl ]
(n—1/2)¢

[5—!—2(1@——;— )2h:2vt ]} (11)

For large values of time, Equations
(8) and (11) do converge to those de-
rived by Jeffreys, Equations (4) and
(3), respectively.

The question that may be asked now
is under what conditions could the
simpler Jeffreys solution be substituted
for Equation (11) with sufficient ac-
curacy, say 1% difference from the
exact solution? In order to answer this
question, Equation (11) will be put
into a dimensionless form. Defining a
dimensionless thickness, T

r=nV/E

and a time constant, F:
vl
one obtains from Equation (11)

2

772F n=1

T-2 =1+
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and for Jeffreys’ Equation (3)
T=1 (15)

If it is assumed that a difference of 1%
in thickness, or T, is acceptable, one
can find under what conditions Equa-
tion (15) may be used instead of
Equation (14). If T = 0.99 for this
case, one obtains the critical time
constant from Equation (14):

Forit = 3.80 (16)

or
h? = »/3.80 (17)

When h is substituted from Equation
(3) into Equation (17) one arrives at

=195\ % (18)
g

Thus, for a distance 100 cm. below the
top of the plate the critical time is less
than 0.7 sec. Moreover this time is in-
dependent of the fiuid properties. The
result obtained above indicates that in
most practical cases the simple Jeffreys
equation may be substituted for the
more rigorous one developed here.

THE CYLINDER CASE

Another case where the applicabil-
ity of the simple Jeffreys equation can
be tested is the drainage down a
cylindrical surface. Van Rossum (5)
has reported that surface tension effects
due to the curvature of the cylindrical
surface are negligible for large cylinder
radii. In dimensionless form, this cri-
terion may be expressed as

Neo = Goucher number > 1.8 (19)
where o
N¢o = Rw \/g—f_'

\/20/pg = capillary length.

This dimensionless group, whose signifi-
cance for cylinders was first reported
in 1922 (1), may be considered as the
ratio of gravitational force to surface
tension. As the capillary length for
most fluids is about 2 to 4 mm., Equa-
tion (19) indicates that, for cylinders
with radii of several mm., surface ten-
sion, due to the curved cylindrical sur-
face, is negligible. Therefore, drainage
from many burettes, pipetes and large
cylindrical surfaces may be described
as those with high Goucher numbers,
according to Equation (19). The flow
equation with negligible inertia for this
case is

and
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v d du
O0=g+— — ( — ) 20
J r or ! ar (20)
The baundary conditions used are
u=10 at r = Rw
(21)

du

— =0 at r=R

ar
Equation (20) may be integrated from
r = Rw to r = R at constant x to give
the velocity profile

(22)

When Equation (22) is integrated, the
total flow rate is obtained:

R R
Q:Qmj‘ urdrzf—rg[ﬂ“ln————
Rw 2v Rw
3 Ruw? ]
— R* + R?R.® — 23
TR 7 (23)

When this is combined with the con-
tinuity balance

one obtains

—[232111-1—{—— (HZ—RwZ)]

R
2
SR _2v R (25)
ax g at

This equation is integrated with the
boundary condition R(0,7) = Rw to
yield the relation between film thick-
ness, ¥, and £:
_ 8 [ o B L pe g ]
x » R’In i 3 (R Bw )
(26)

When h = R — Ruw is substituted for
drainage on a convex surface or h =
Rw — R for drainage on a concave sur-
face, the following two expressions are
obtained, respectively:

x=§—t- [(Rw-}-h)zln(l—i——g—)——

v w

b (Ru %) | e

ot h
x:&[(Rw—h)21ﬂ<l" )+
v Ruw

h (Rw—-’;- )] e

These equations may be rewritten in a
dimensionless form by substituting
Equation (12)

n \2
(Z) =a+nmaras-

1,(1+%> (29)
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Abstroct: This paper describes an analytical and experimental investigation of
a two-dimensional laminar liquid-into-liquid jet of a power-law fluid. The validity
of boundary-layer assumptions is evaluated for this case and compared with the
Newtonian one. It is shown that the range where these assumptions hold is
nartower than in the Newtonian case. The applicability of the solution to
pseudoplastic fluids with slightly elastic properties is discussed. Actual velocity
distributions obtained for jets in dilute solutions of carboxy-methyl-cellulose are
in reasonable agreement with those predicted by theory.
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Abstract: Rates of mass transfer of ammonia from air to water have been measured
in annular, concurrent, two-phase flow in a horizontal, 1-in. tube. Mass transfer
coefficients ranged from 2.4 to 32 moles/(hr.) (sq. ft.) (atm.) for water flow rates
between 190 and 2,000 ib./hr. and air rates between 80 and 430 Ib./hr. The
flow rates correspond to superficial liguid Reynolds numbers between 1,140 and
12,100 and superficial gas Raynolds numbers between 28,600 and 150,000, En-
trainment of liquid in the gas core interchange of liquid between the core and the
annulus and jp factors for mass transfer were calculated from the concentration
measurements, A method for predicting approximate gas-phase mass transfer
coefficients is presented.
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Once again under what conditions
the single Jeffreys equation may be
substituted for this case will be com-
puted. Thus for a difference of 1%
between the plate solution and the
cylinder solution one obtains

=)

Terit ( Ru it 0.1 (31)
Thus when h < 0.1 Ruw, Jeffreys solu-
tion is a good approximation. This
means that in many practical cases the
simple Jeffreys equation may be used
satisfactorily for drainage on a cylindri-
cal surface.
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NOTATION

r = time constant, »t/h%, dimen-
sionless

g = gravitational constant, LT 2

h = thickness of the liquid film,
L

m,n = summation indices

Nao = Goucher number, Run\/pg/2c,
dimensionless

q = flow rate per unit width [de-
fined by Equation (4)], L2-
T—1

Q = flow rate [defined by Equa-
tion (23)7], L3T !

r = radius, L

R = radius of curvature of the free
surface of the liquid, L

R = wall, eylinder, or wire radius,

T = dimensionless film thickness,
hn/gt/vx

t == time, T

u = velocity in x direction, LT !

x,yy == coordinates, L

Greek Letters

) = ratio of thickness to wall ra-
dius, h/Rw, dimensionless
kinematic viscosity, L2T !
surface tension, MT 2

3.1416
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