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Prediction of the thickness of the 
liquid film during draining of the liq- 
uid on a vertical surface has consider- 
able importance in various practical 
cases such as in lubrication, in drain- 
age and in estimation of the amount of 
liquid adhering to walls of pipetes, 
burettes, and capillary viscometers 
after emptying. 

The thickness of the liquid film 
draining from a vertical surface de- 
pends upon the interrelationship among 
surface tension, the gravitational force, 
and the viscous force. The effect of 
surface tension depends upon the cur- 
vature of the outer surface of the liq- 
uid layer which can be expressed as 
the change of the coating thickness h 
with height. For the case of a flat 
plate which is partially immersed in 
the liquid, the change of thickness 
with distance from the top will be 
relatively small at places well above 
the main surface of the liquid bath. 

However, near the bath surface the 
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Fig. 1. Sketch of draining liquid. 

thickness increases from some b i t e  
and small value toward infinity. In the 
latter case, surface tension effects are 
appreciable and have to be taken into 
account in the analysis of the problem. 

In the case where the lower edge of 
the plate is not immersed, the change 
in curvature is not too large and surface 
tension can generally be neglected as 
compared to gravitational and viscous 
forces. In this communication the 
drainage of a fluid initially at rest from 
unimmersed bodies is considered and 
surface tension effects are neglected. 
The hydrodynamics near the lower 
edge of the body is not investigated, 

In addition, it is assumed that the 
liquid film itself is stable and laminar 
without waves or ripples on the sur- 
ace. The latter assumption holds well 
for the type of drainage described in 
this paper ( 4 ) .  

EFFECT OF ACCELERATION O N  
FLAT PLATE DRAINAGE 

The first to investigate the drainage 
problem was Jeffreys (3 ) .  He con- 
sidered the case of parallel flow and 
neglected inertia forces as compared 
with the viscous and gravitational ones. 
Thus, he wrote for the system de- 
scribed in Figure 1 

with boundary conditions of zero vel- 
ocity at the wall and zero shear rate at 
the liquid-air interface. A velocity pro- 
file, u = f ( y )  was calculated for a 
fixed x. This profile was combined with 
the following continuity equation: 

--=-( ah a Johudy) (2)  
at ax 

The result was an explicit expression 
for the thickness profile as a function 
ol position, x, and time, t:  

- 

( 3 )  

The instantaneous flow rate, per unit 
width of plate, past any point was: 

y = j r u d y  = - gh3 (4) 3v 

Equations (3)  and (4) are based on 
the flow equation for the steady state 
[Equation ( l ) ] ,  and therefore they 
describe the hydrodynamics of the sys- 
tem only at the later stages of the 
drainage process. 

A modification of this approach was 
presented by Green (2) and later ex- 
tended by Wyllie (6) .  They started 
with the flow equation which included 
the acceleration term: 

The boundary conditions used were: 

( y ,  0)  = 0 
atl - (h , t )  = 0 
aY 
u ( 0 , t )  = 0 

Equation (5) was integrated from y = 
0 to y = h at constant x to yield the 
velocity profile in the film 

L 

1 n=l 2 e-m ( n - l / 2 ) 3  vtsinmy 

where 

( 7 )  
T 

m = (n- 1/2) - 
h 

Wyllie also reported a thickness profile 
which he developed for the upper part 
of the liquid film. However, his re- 
ported profile was expressed in terms 
of two constants that had to be evalu- 
ated experimentally. In addition, his 
profile, for large values of time, did 
not converge to Jeffreys solution- 
Equation ( 3 ) .  A different solution that 
does not suffer from these shortcom- 
ings is herewith presented. 

Integration of Equation (7)  over the 
film thickness gives the total flow rate: 

(Continued on page 777) 
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4 = Jrudzj = - 1-- 

n=l 2 (n -  e-m2vt 1/2) 1 
( 8 )  

W-hen this is substituted into the equa- 
tion of continuity, Equation (2) ,  the 
following differential equation is ob- 
tained: 

---=(,[1----. ah gh2 6 
at rr4 2 e-mzv t  4gt 

n=l ( n  - 1/2)2 1 +-7 
m y e-rn2t  

n=l - ( n -  1/2)2 1”’ ax (9) 

-($)J (2) ax =(”) at h 

This differential equation can be sim- 
plified by making use of the following 
mathematical relationship: 

(10) 

When Equations (9) and (10) are 
combined, integrated, and the bound- 
ary condition h(  0, t )  = 0 is used, the 
implicit relationship for the film thick- 
ness profile is obtained, as shown in 
Equation (11) : 

x = - t + -  
gh2 2gh4 2 
V rrG v2 n=l 1 exp [ - ( n - ; ) z v t  ] 
I ( n  - 1/2)6 

For large values of time, Equations 
( 8 )  and ( 11) do converge to those de- 
rived by Jeffreys, Equations ( 4 )  and 
( 3 ) ,  respectively. 

The question that may be asked now 
is under what conditions could the 
simpler Jeffreys solution be substituted 
for Equation (11) with sufficient ac- 
curacy, say 1% difference from the 
exact solution? In order to answer this 
question, Equation (11) will be put 
into a dimensionless form. Defining a 
dimensionless thickness, T 

and a time constant, F :  

one obtains from Equation (11) 
m 
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and for Jeffreys' Equation (3)  

T = l  (15) 
If it is assumed that a difference of 1% 
in thickness, or T,  is acceptable, one 
can find under what conditions Equa- 
tion (15) may be used instead of 
Equation (14). If T = 0.99 for this 
case, one obtains the critical time 
constant from Equation (14) : 

or 

When h is substituted from Equation 
(3) into Equation (17) one arrives at 

Fcrit = 3.80 (16) 

h2 = vt/3.80 (17) 

Thus, for a distance 100 cm. below the 
top of the plate the critical time is less 
than 0.7 sec. Moreover this time is in- 
dependent of the fluid properties. The 
result obtained above indicates that in 
most practical cases the simple Jeffreys 
equation may be substituted for the 
more rigorous one developed here. 

THE CYLINDER CASE 

Another case where the applicabil- 
ity of the simple Jeffreys equation can 
be tested is the drainage down a 
cylindrical surface. Van Rossum ( 5 )  
has reported that surface tension effects 
due to the curvature of the cylindrical 
surface are negligible for large cylinder 
radii. In dimensionless form, this cri- 
terion may be expressed as 

where 
Nco = Goucher number > 1.8 (19) 

- 
Nc* = Rw dg 

and 
+ b / p g  = capillary length. 

This dimensionless group, whose signifi- 
cance for cylinders was first reported 
in 1922 (I), may be considered as the 
ratio of gravitational force to surface 
tension. As the capillary length for 
most fluids is about 2 to 4 mm., Equa- 
tion (19) indicates that, for cylinders 
with radii of several mm., surface ten- 
sion, due to the curved cylindrical sur- 
face, is negligible. Therefore, drainage 
from many burettes, pipetes and large 
cylindrical surfaces may be described 
as those with high Goucher numbers, 
according to Equation (19). The flow 
equation with negligible inertia for this 
case is 
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The boundary conditions used are 

au 
- = 0  at r = R  
ar 

Equation (20) may be integrated from 
r = R, to r = R at constant x to give 
the velocity profile 

( 2 2 )  
When Equation ( 2 2 )  is integrated, the 
total flow rate is obtained: 

R 

Rw2 ] ( 2 3 )  

R 

Q = 2 ,  16 u r d r = s [ R 4 h C - -  2v 

3 - R4 + R2Rw2 -- 
4 4 

When this is combined with the con- 
tinuity balance 

one obtains 

H -[ 2 R 2 1 n ~ -  ( R2 - R w ~ )  ] 
a~ 2v aR 
ax g at (25) - 

'This equation is integrated with the 
boundary condition R(0, t )  = R w  to 
yield the relation between film thick- 
ness, x, and t: 

When h = R - Rw is substituted for 
drainage on a convex surface or h = 
Ru! - R for drainage on a concave sus- 
face, the following two expressions are 
obtained, respectively: 

These equations may be rewritten in a 
climensionless form by substituting 
Equation (12) 
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where 
h 

RE 
Once again under what conditions 

the single Jeffreys equation may be 
substituted for this case will be com- 
puted. Thus for a difference of 1% 
between the plate solution and the 
cylinder solution one obtains 

9 = -. 

qcrit = (2) = 0.1 (31) 
crit 

Thus when h < 0.1 R,, Jeffreys solu- 
tion is a good approximation. This 
nieans that in many practical cases the 
sirnple Jeffreys equation may be used 
satisfactorily for drainage on a cylindri- 
cal surface. 
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NOTATION 
F = time constant, vt /h2,  dimen- 

g = gravitational constant, L T P 2  
12 = thickness of the liquid film, 

r n ,  n = summation indices 
N c o  = Goucher number, RWdpg/2cr, 

dimensionless 
'1 = flow rate per unit width [de- 

fined by Equation (4)], L2- 
T -  1 

Q = flow rate [defined by Equa- 
tion ( 2 3 ) ] ,  L'T-' 

1' = radius, L 
R = radius of curvature of the free 

Ti,,: = wall, cylinder, or wire radius, 

1' = dimensionless film thickness, 

t =: time, T 
t i  

x.11 = coordinates, L 
Greek Letters 
7 = ratio of thickness to wall ra- 

v = kinematic viscosity, L2T-' 
(+ = surface tension, MTm2 
~i = 3.1416 
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